Effects of laser energy fluence on the onset and growth of the Rayleigh-Taylor instabilities and its influence on the topography of the Fe thin film grown in pulsed laser deposition facility Phys. Plasmas 19, 103504 (2012) Halo formation and self-pinching of an electron beam undergoing the Weibel instability Phys. Plasmas 19, 103106 (2012) Energy dynamics in a simulation of LAPD turbulence Phys. Plasmas 19, 102307 (2012) Free boundary ballooning mode representation Phys. Plasmas 19, 102506 (2012) Additional information on Phys. Plasmas Rev. Lett. 60, 2148 ͑1988͔͒ was correlated with a change of sign in the energy ␦W associated with mϭ1 internal kink displacements. To compute ␦W, a new analytical model is used for the distribution function of heated minority ions, which is consistent with Fokker-Planck simulations of ICRH. Minority ions have a stabilizing influence, arising from third adiabatic invariant conservation, but also contribute to a destabilizing shift of magnetic flux surfaces. As the minor radius of the qϭ1 surface rises, the stabilizing influence of minority ions diminishes, and the shape of the plasma cross section becomes increasingly important. It is shown that an increase in ICRH power can destabilize the kink mode: this is consistent with observations of sawteeth in JET discharges with varying levels of ICRH. It is suggested that the sawtooth-free period could be prolonged by minimizing the vertical extent of the ICRH power deposition profile.
I. INTRODUCTION
Sawtooth-like oscillations in the soft x-ray emission from a tokamak plasma were first reported by von Goeler and co-workers in 1974. 1 Although such oscillations may have the beneficial effect of removing high-Z impurities, their suppression is generally regarded as desirable, from the point of view of optimizing plasma performance. It has been known for several years that sawtooth stabilization can be achieved for a limited period of time using the heating properties of electromagnetic waves in the ion cyclotron range of frequencies ͑ICRF͒. 2, 3 Since ICRF waves are frequently used to provide auxiliary heating in large tokamaks, it is important to understand as fully as possible the mechanism whereby such waves can bring about sawtooth stabilization.
ICRF heating experiments that brought about sawtooth stabilization in the Joint European Torus ͑JET͒ tokamak are described in Ref. 2 ; similar experiments in the Tokamak Fusion Test Reactor ͑TFTR͒ are reported in Ref. 3 . In the case of JET, the majority and minority ions were, respectively, deuterons and protons. 4 In one JET discharge ͑hereinafter referred to as discharge A͒, the central electron temperature T e0 initially exhibited normal sawtoothing behavior, but rose to an essentially steady value of around 6.4 keV shortly after the onset of ion cyclotron resonance heating ͑ICRH͒. This steady state persisted for approximately 1 s, during which there was an almost complete absence of magnetohydrodynamic ͑MHD͒ activity. A sawtooth collapse in T e0 then followed, triggered apparently by an instability with toroidal and poloidal mode numbers nϭ1, mϭ1. The sawtooth occurring at the end of the stable period had an inversion radius r i of around 50-60 cm, whereas the inversion radius during the initial sawtoothing phase ͑prior to the onset of ICRH͒ was around 40 cm. Throughout the stable period, the safety factor q in the plasma center was below unity.
In a second JET discharge described in Ref. 2 ͑hereinaf-ter discharge B͒, sawtooth stabilization did not occur: T e0 rose sharply at the onset of ICRH, but continued to exhibit sawtooth behavior. In both discharges A and B, the plasma current I p was 2.2 MA, and the safety factor at the plasma edge q a was equal to 5.2. The most significant difference between the two experiments was in the ICRF power level: around 4.3 MW in discharge A, and around 6 MW in discharge B. Since stabilization in discharge A was evidently brought about by ICRH, one might expect an increase in ICRH power to give greater stability: in the 4 -6 MW range, the opposite was the case. A similar phenomenon has been observed in TFTR ͑see Fig. 4 in Ref. 3͒ .
The fact that an mϭnϭ1 instability triggered the end of the stable period in discharge A strongly implies that the potential energy ␦W associated with mϭ1 internal kink displacements plays a crucial role in determining whether or not sawteeth occur: in the ideal limit, ␦WϽ0 is a necessary and sufficient condition for instability. In a thermally relaxed plasma, ␦W can be computed using ideal MHD. 5 However, trapped ICRF-heated minority ions give rise to an additional kinetic term in ␦W, which is generally positive and thus stabilizing. 6 In order to compute this term, it is necessary to specify the distribution function of minority ions: in Ref. 6 , the present authors used a model distribution that is appropriate for the case of ICRH experiments in JET to obtain a complicated but numerically tractable integral expression for the trapped minority ion contribution to ␦W. The parameters appearing in this expression are clearly defined experimental quantities, such as ICRF power and the height of the power deposition profile.
The main aim of this paper is to compute ␦W for ICRFheated JET discharges in a fully self-consistent way, taking into account both anisotropic pressure and kinetic effects, and using parameters that correspond as closely as possible to discharges A and B discussed in Ref. 2. To achieve this, it is necessary to calculate the kinetic contribution to ␦W using a realistic representation of the heated ion distribution, and to extend the Bussac toroidal energy principle 5 to the case of anisotropic plasma pressure with shaping, using the analyses of Edery and co-workers, 7 Mikhailovskii, 8 and Madden and Hastie. 9 For the purpose of comparing theory with experiment, it is also necessary to focus on the uncertainties affecting quantities such as minority ion concentration and ICRF power deposition profiles, which determine the values of parameters that are central to the theory. A crucial test of the complete model is, then, that the computed values of ␦W are positive during the sawtooth-free period of discharge A, and close to zero or negative at the end of that period, within the limits of experimental uncertainty.
Several other authors have examined the effect of ICRF waves on sawtooth oscillations. Porcelli and co-workers 10 compared predictions of a model developed by Pegoraro and co-workers 11, 12 with data from various ICRF-heated JET discharges in which sawtooth suppression was observed. In this model, the kinetic term in ␦W was evaluated numerically, using a model of the minority ion distribution that reflects the anisotropy of ICRF heating. The only parameters of the heated ion distribution that can be measured directly are global ones, such as total energy content, and for this reason it was necessary for Porcelli and co-workers to make simplifying assumptions about the spatial profiles of heated ions. Also, the model presented in Refs. 11 and 12 assumes an ordering in which the MHD contribution to ␦W can be described by a scalar plasma pressure. Such an ordering was also assumed by Cheng, 13 in a wide-ranging study of energetic particle effects on MHD instabilities; by Phillips and co-workers, 3 in the context of sawtooth stabilization in TFTR; and by Zabiégo and co-workers, 14 who used their analysis to interpret sawtooth stabilization experiments in the Tore Supra tokamak. Porcelli and co-workers 15 have argued that the finite widths of ICRF-heated ion orbits tend to inhibit stabilization at high ICRF power, while Bhatnagar and co-workers 16 have demonstrated experimentally that enhanced sawtooth stability can be achieved by modifying the plasma current profile to reduce magnetic shear at the surface defined by qϭ1.
In a real tokamak plasma, with finite electrical resistivity, instability can occur when ␦W is positive, although the exact location of the stability boundary in this case is not clear. White and co-workers 17, 18 have carried out stability analyses of the resistive and ideal internal kink modes, taking into account the presence of a trapped ICRF-heated ion population with a unique pitch angle. Recently, it has been suggested by Levinton and co-workers 19 that ␦W may have been strongly negative during some sawtooth-free discharges in TFTR. Auxiliary heating in these discharges was provided by neutral beam injection. Levinton and co-workers assumed isotropic plasma pressure, and used ideal MHD to compute ␦W: they assumed that the kinetic contribution to ␦W could be neglected, on the grounds that the neutral beams were injected tangentially to the magnetic axis and consequently supplied few trapped ions to the plasma. Sawtooth suppression in TFTR has instead been attributed to the fact that the saturation amplitude of the mϭ1 kink mode may be very low, because of two-fluid effects involving the electron and ion diamagnetic frequencies. 20 There appears to be strong 
II. ICRF-HEATED MINORITY ION DISTRIBUTION
For the purposes of the present discussion, the model distribution proposed in Ref. 6 can most usefully be written in the form
where the magnetic moment and energy E are both normalized to the minority ion mass m h ; B 0 is the magnetic induction at RϭR 0 , where R is distance from the axis of symmetry and R 0 is the major radius; G(r) is a normalization factor that is computed in the Appendix of Ref. 6 ; n h is the minority ion density; r is a minor radial coordinate; and T ʈ , T Ќ are parameters whose values are determined by a model of ICRF heating that was proposed by Stix. 21 We have assumed that, on a given flux surface, maximum power deposition occurs at RϭR 0 , where B 0 ϭv Ќ 2 /2 and ͉EϪB 0 ͉ϭv ʈ 2 /2 ͑v Ќ and v ʈ denoting velocity components perpendicular and parallel to the magnetic field͒. At RϭR 0 , the function F h is thus bi-Maxwellian, with perpendicular and parallel temperatures T Ќ ,T ʈ : the nature of the heating process is such that T Ќ is normally larger than T ʈ . At R R 0 , F h is not bi-Maxwellian. One can demonstrate this by determining the locus of points in (v ʈ ,v Ќ ) space corresponding to constant F h . At RϭR 0 , each locus of constant F h is an ellipse; if the magnetic induction is of the form B(r,)ϭB 0 ͑1Ϫ⑀ cos ͒, where is the poloidal angle and ⑀ϵr/R 0 is the local inverse aspect ratio, the locus at R R 0 is defined by the equation
where u is a constant. Setting ϭ0 ͑corresponding to the midplane, outboard of the magnetic axis͒, and assuming
Since 0р⑀р1, Eq. ͑4͒ defines a hyperbola in (v ʈ ,v Ќ ) space whose center lies at the origin. Equation ͑3͒ defines an ellipse or a hyperbola if 1Ϫ(T Ќ /T ʈ )⑀ is, respectively, positive or negative. In either case, the two conics defined by Eqs. ͑3͒ and ͑4͒ meet at a pitch angle defined by ⑀v Ќ 2 ϭv ʈ 2 ͑1Ϫ⑀͒. It is straightforward to show that this is the pitch angle in the midplane of an ion that undergoes bounce reflection at ϭϮ90°, i.e. the points of maximum ICRF power deposition on a given flux surface.
We now compare Eqs. ͑3͒ and ͑4͒ with contours of constant F h obtained by solving numerically a steady-state Fokker-Planck equation that describes ICRH. 22 Figure 1͑a͒ , taken from Ref. 22 , depicts the steady-state deuterium distribution in a 50:50 deuterium-tritium plasma. The quantities ṽ ʈ and ṽ Ќ are midplane velocity components, normalized to the speed of a 1.2 MeV deuteron. The local inverse aspect ratio is 0.14. The trapped-passing boundary, corresponding to bounce reflection at ϭϮ180°, is indicated by solid diagonal lines. Figure 1͑b͒ shows a single contour of the function F h defined by Eq. ͑1͒, with ⑀ϭ0.14 and T ʈ /T Ќ ϭ0.17. Solid diagonal lines have again been used to represent the trapped-passing boundary. The contour shape is independent of u: the chosen values of u and T ʈ /T Ќ are such that the contour cuts the ṽ ʈ and ṽ Ќ axes at the same points as the outermost contour in Fig. 1͑a͒ . By adjusting the value of only one free parameter (T ʈ /T Ќ ), we thus obtain a distribution function contour whose shape closely resembles those obtained in a full Fokker-Planck calculation. In particular, the curves in Figs. 1͑a͒ and 1͑b͒ both exhibit sharply defined features at ⑀v Ќ 2 ϭv ʈ 2 ͑1Ϫ⑀͒, and local minima at ṽ ʈ ϭ0. We infer from this that Eq. ͑1͒, despite its simplicity, provides a realistic representation of ion distributions heated by ICRF waves.
III. EVALUATION OF KINK ENERGY
We consider a toroidal plasma, undergoing an internal kink displacement with mode numbers mϭ1 and nϭ1. The resulting change in potential energy is
͑5͒
Here, 0 is the displacement of the plasma within the qϭ1 surface; r 1 is the minor radial coordinate of that surface; 0 is the vacuum permeability ͑we use SI units throughout͒;
␦W k is a kinetic contribution to the kink energy, arising from the presence of trapped ICRF-heated minority ions; 6 ␦W T , evaluated in Refs. 5 and 8, is a quadratic function of the poloidal beta, which, for an isotropic plasma, is defined as
where p is pressure and ⑀ 1 is the inverse aspect ratio of the qϭ1 surface; and ␦W shape arises from departures of the plasma cross section from circularity. 7 The sum ␦W T ϩ␦W shape constitutes the MHD component of the kink energy referred to in the Introduction: ␦W T is one-third of the dimensionless kink energy defined in Ref. 5 . We consider separately the problems of evaluating ␦W k , ␦W T , and ␦W shape .
A. Kinetic hot ion contribution to kink energy
The numerical evaluation of ␦W k , with F h given by Eq.
͑1͒, is greatly facilitated if the kink mode frequency is much smaller than the average toroidal precessional drift frequency of the heated ions. We assume that this inequality applies in the case of kink perturbations associated with sawtooth events. In Ref. 6 , an integral expression was obtained for a quantity that consisted of ␦W k plus the contribution of trapped minority ions to the MHD component of ␦W. In this paper, it is convenient to incorporate the latter into ␦W T , and to compute ␦W k alone. Expressing F h as a function of r, E,
FIG. 1. ICRF-heated ion distribution function contours in midplane velocity-space coordinates (ṽ ʈ ,ṽ Ќ ). ͑a͒ Deuterium distribution in a 50:50 deuterium-tritium plasma, obtained by solving numerically a steady-state Fokker-Planck equation. 22 The local inverse aspect ratio ⑀ is 0.14. ͑b͒ Contour of the function F h , corresponding to parameters ⑀ϭ0.14, T ʈ /T Ќ ϭ0.17. The velocity components are normalized to the speed of a 1.2 MeV deuteron. In both ͑a͒ and ͑b͒ the trapped-passing boundary is indicated by diagonal lines.
where B min ϭB 0 ͑1Ϫ⑀͒, B max ϭB 0 ͑1ϩ⑀͒ are the minimum and maximum values of B on a given flux surface, sϵd ln q/ d ln r is magnetic shear, and I c , I s , I q are given by
the limits of the integrals denoting the poloidal angles at which bounce reflection occurs. These integrals depend on minority ion pitch angle: at a certain trapped pitch angle I c ϩsI q ϭ0, which means that ␦W k has an imaginary part.
This reflects a wave-particle resonance between the kink mode and heated ions with bounce-averaged precessional drift frequencies close to .
In this paper we are concerned solely with the real part of ␦W k , which is given by the principal part of the integral in Eq. ͑7͒. A numerically tractable expression for Re(␦W k ) may be obtained by following a procedure closely analogous to that used in Ref. 6 : only terms that are of leading order in 1Ϫq and s are retained, and integration by parts is used to achieve further simplification. The final result, which is similar to Eq. ͑66͒ in Ref. 6 , can be readily evaluated numerically for any prescribed radial profiles of T Ќ , T ʈ , n h , and q. The first of these, T Ќ (r), is determined by the spatial dependence of ICRF power deposition density, P d (r,). In Ref. 6 the following representation was used:
where R,Z, respectively, denote the horizontal distance from the axis of symmetry and vertical distance from the midplane, and P c , d, D are constants. The coupling of ICRF waves to minority ions is a consequence of cyclotron resonance, and, since B varies more rapidly with R than it does with Z, one expects that in most cases DϾd. The finite spread of minority ion velocities means that the Doppler resonance condition is satisfied for a range of values of B, and so cyclotron resonance can occur over a finite region of space on either side of RϭR 0 . The width of this region is typically of the order of 0.1 m. 23 The Stix model 21 predicts that T Ќ Ӎ RF S /2n h , where RF is the ICRF power density coupled to the minority ions, and S is the Spitzer slowing-down time associated with minority ion-electron collisions. In Ref. 6 , RF was identified with P d (r), the peak value of P d (r,) on a given flux surface. In the case of an ICRH power deposition profile that peaks at RϭR 0 , it can be shown that P d (r) 
͑12͒
The slowing-down time is a function of electron density n e and temperature T e , with gradient scale lengths of the order of the plasma minor radius a. If the minority ion density varies on a similar length scale, the radial profile of T Ќ will be determined essentially by the value of DӶa. On this basis, an empirical estimate of D can be inferred from observations of neutrons and ␥ rays produced in reactions between heated minority ions and plasma impurities. 24 Alternatively, one can predict the value of D using ray-tracing and full wave calculations of ICRF power deposition. 25 Both Refs. 24 and 25 deal with the case that is most relevant to the present discussion, namely that of hydrogen minority heating in a JET plasma consisting predominantly of deuterium. The neutron emission profile in Fig. 3 of Ref. 24 has an e-folding width of around 0.5 m, while the computed power deposition profiles in Fig. 1 In Eqs. ͑11͒ and ͑12͒, P c is the wave power that is absorbed by minority ions: in general, this is less than the total ICRF wave power P RF , a fraction of which is always absorbed by electrons via Landau and transit time damping. If, as in discharges A and B, the wave is in simultaneous cyclotron resonance with more than one ion species, the energy that is absorbed via cyclotron damping will be partitioned among those species. If, for example, the plasma contains a high concentration of fully ionized carbon, 23 there are then three ion species in simultaneous cyclotron resonance with the wave. In those circumstances it is not clear what fractional wave power P c / P RF is likely to be absorbed by minority ions. It is also difficult to obtain accurate values for the parameters d and n h . For these reasons, Eq. ͑12͒ is of limited use as a formula for estimating T Ќ . However, observations of hydrogen atoms formed by charge transfer from hydrogen-like impurity ions to ICRF-heated protons have recently been used as a direct diagnostic of F h in JET. 26 More specifically, the observations yielded the perpendicular velocity distribution of protons, integrated along a vertical line of sight through the plasma center. The Gaussian variation of T Ќ with r, predicted by Eq. ͑12͒, implies that any mean temperature inferred by this method will lie close to T Ќ ͑0͒. At low ICRF power ͑P RF ϳ2-4 MW͒, the line-integrated F h could be well approximated by a Maxwellian distribution, with T Ќ typically lying in the range 80-140 keV ͑see Fig. 6 in the first paper of Ref. 26͒. In these experiments the measured values of n e ͑0͒ and T e ͑0͒ were similar to those of discharge A. We infer from this that 140 keV is a reasonable estimate of T Ќ ͑0͒ in discharge A. It is worth noting that the Stix model has been used to estimate minority ion tail temperatures that are higher than this. 23 However, for the reasons noted above, such estimates are highly uncertain.
As we indicated earlier, in order to compute Re(␦W k ) it is necessary to specify inter alia the minority ion concentration ϵn h /n e , the electron temperature T e , and the electron density n e . 6 The minority ion concentration in discharges A and B was rather uncertain: relative to the deuteron density, it may have been as low as 2% or as high as 10%. 4 Here, we set ϭ0.02 at all r. We assume electron temperature and density profiles of the form . The electron temperature profile also has a bearing on the minority ion parallel temperature, T ʈ . Stix 21 suggested that
where Z eff is defined in the usual way and A is the minority ion mass number. Setting T e0 ϭ6.4 keV, Aϭ1, and Z eff ϭ4, 23 we obtain T ʈ ͑0͒Ӎ95 keV. With T Ќ ͑0͒ϭ140 keV, this implies that T ʈ (0)/T Ќ (0)Ӎ0.7 in discharge A. In this case F h is only weakly anisotropic at RϭR 0 . Since T Ќ is expected to have a stronger dependence on r than T ʈ ͓compare Eq. ͑13͒ with Eq. ͑15͔͒, the value of T ʈ /T Ќ at finite r is likely to be even higher than 0.7. To model discharge A, we set T ʈ /T Ќ equal to 0.85 at all r. Finally, we adopt the following generic representation of the safety factor profile q(r):
where aӍ1.25 m and q 0 , q , and are constants. In choosing appropriate values for these constants, we note from Ref.
2 that q 0 was observed to fall by around 10% during the course of the sawtooth-free period in discharge A, its initial value lying approximately in the range 0.9-1.0. The sawtooth inversion radius r i was observed to increase from about 0.4 m prior to ICRH stabilization, to around 0.5-0.6 m at the time of the sawtooth collapse which terminated the stable period. If r i is approximately equal to the radius of the qϭ1 surface r 1 , there must have been a steep gradient in q at rϾr 1 , in order to give q a ϳ5 throughout the discharge. This suggests that Ͼ1 is appropriate in Eq. ͑16͒. To describe the plasma conditions at the start of the sawtooth-free period, we set q 0 ϭ0.8, q ϭ41.2, and ϭ2, so that r 1 Ӎ0.34aӍ0.4 m.
To describe the end of the sawtooth-free period, we set q 0 ϭ0.7, q ϭ149.4, and ϭ2.5, giving r 1 Ӎ0.40aӍ0.50 m. The parameter set required to evaluate Re(␦W k ) is completed by the major radius R 0 and the axial magnetic induction B 0 : in discharges A and B, R 0 ϭ3 m and B 0 ϭ2.2 T.
B. Toroidal contribution to kink energy
As we noted at the beginning of this section, ␦W T was shown in Ref. 5 to be a quadratic function of ␤ p , which depends on the total plasma pressure profile. In Ref. 6 it was noted that the pressure of an ICRF-heated plasma is not a scalar quantity, since the heated ion distribution is anisotropic ͑cf. Fig. 1͒ . Even when the ICRF power is relatively low ͑e.g., 4 -6 MW͒, the product n h T Ќ is typically comparable to, or greater than, the electron pressure n e T e . The internal kink stability criteria obtained by Bussac and coworkers in Ref. 5 
The quantity p Ќ must be evaluated separately for poloidal angles lying inboard and outboard of the magnetic axis. In both cases, we obtain an expression of the form
where the O (⑀T Ќ /T ʈ ) are dependent. The coefficients of cos 2, in particular, are of order ⑀T Ќ /T ʈ . As we noted in the previous section, the ICRF-heated ion distribution is likely to be only weakly anisotropic when the radio-frequency power is low: in such cases ⑀T Ќ /T ʈ Ӷ1, and the cos 2 term in the Fourier expansion of p Ќ can be neglected. We may then apply the analysis of Mikhailovskii, 8 who obtained a modified form of the result obtained by Bussac and co-workers:
͑19͒
where: ␦W 1 , ␦W 2 , and ␦W 3 depend on the q profile, and must be evaluated numerically; ␤ p is defined by Eq. ͑6͒, with
where p bulk is the bulk plasma pressure and
is the minority ion parallel pressure; and ␤ p c is defined in the same way as ␤ p , except that p is replaced by (p ʈ ϩp Ќ ϩC)/2, where
.
͑22͒
In Eq. ͑22͒, ‫ץ‬F h /‫ץ‬E is evaluated at constant and r. It is clear from Eqs. ͑18͒, ͑21͒, and ͑22͒ that ␤ p c ϭ0 for a plasma with isotropic pressure, and we then recover the result obtained by Bussac and co-workers. 5 It is convenient to split the poloidal beta into bulk plasma (␤ p bulk ) and hot minority ion (␤ p hot ) components. The latter quantity must be evaluated numerically. The bulk plasma poloidal beta, on the other hand, can be evaluated analytically. If we make the reasonable assumption that the majority ions and electrons have identical density and temperature profiles ͑except for normalization͒, and neglect the contribution to the pressure of plasma impurities, it follows from Eqs. ͑13͒ and ͑14͒ that
where T i0 ,n i0 denote central values of the majority ion temperature and density, and p ϭ ne ϩ Te . Writing p 0 ϭn e0 T e0 ϩn i0 T i0 , it is straightforward to show that
ͬͮ .
͑24͒
Expanding the right-hand side of Eq. ͑24͒ in ascending powers of r 1 2 /a 2 , we obtain an expression that is independent of r 1 :
The only parameters appearing in ␤ p bulk that we have not already specified are n i0 and T i0 . Figure 2 of Ref. 2 indicates that T i0 Ӎ5.5 keV during the sawtooth-free period of discharge A. To deduce a value for n i0 , we assume that the main impurity in the plasma is carbon. 23 Setting Z eff ϭ4, 
C. Shape contribution to kink energy
The shape contribution to ␦W is independent of ␤ p , and may be evaluated numerically for any specified plasma boundary shape using the analysis presented in Ref. 7 . In general, R and Z at the plasma boundary may be expressed, 
D. Numerical results
The hot minority ion, toroidal, and shape contributions to Re(␦W ), at the beginning and end of the sawtooth-free period, are listed in Table I . The poloidal beta is sufficiently large that ␦W T Ͻ0 throughout the period in question. A modest rise in Re(␦W k ) is accompanied by much larger increases in both ͉␦W T ͉ and ͉␦W shape ͉, the result being that Re(␦W ) changes sign, from positive to negative. Thus, the model parameters inferred in the preceding sections are consistent with a scenario in which the ideal internal kink mode becomes unstable at a time corresponding roughly to the end of the sawtooth-free period. Whereas ␤ p bulk remains approximately constant during the sawtooth-free period ͓cf. Eq. ͑25͔͒, ␤ p hot and ͉␤ p c ͉ both fall by nearly a factor of 2, due to expansion of the qр1 volume. As we noted previously, the coefficients of ␤ p and ␤ p 2 in Eq. ͑19͒ are negative, and so these terms, along with ␤ p c /6, are sources of instability. Despite a drop in the hot minority ion contribution to the toroidal energy, the change in the q profile is such that ͉␦W T ͉ and ͉␦W shape ͉ rise sufficiently rapidly to bring about destabilization. Qualitatively, it is not surprising that the shape term should increase with r 1 , since flux surface cross sections become progressively less circular toward the plasma boundary. It should be stressed, however, that ␦W shape is also very sensitive to the parameter : the sharp increase in ͉␦W shape ͉ between the beginning and end of the sawtooth-free period is due largely to a flattening of the q profile at rϽr 1 .
We now evaluate Re(␦W ) for a range of values of T Ќ ͑0͒, recalling that discharges A and B are assumed to be identical, except for the value of this parameter. In particular, we assume that the two discharges have the same q profiles. Figure 3 shows Re͑␦W ͒ ͑dotted line͒, ␦W T ϩ␦W shape ͑dashed line͒, and Re(␦W ) as functions of T Ќ ͑0͒. The parallel temperature is held fixed, so that T Ќ /T ʈ increases linearly with T Ќ . Equation ͑12͒ indicates that T Ќ ͑0͒ should scale with P RF , and, since P RF is about 50% higher in discharge B than it is in discharge A, we estimate that T Ќ ͑0͒Ӎ210 keV in discharge B. Again, a relatively modest rise in Re(␦W k ), is offset by a more rapid increase in ͉␦W T ϩ␦W shape ͉, with the result that Re(␦W ) becomes negative as the ICRF power is increased. The essential reason for this is that Re(␦W k ) scales approximately with ␤ p hot , whereas ␦W T contains a numerically negative term that scales with (␤ p hot ) 2 . A sufficiently large increase in minority ion pressure thus has a destabilizing effect. The present authors have predicted a similar phenomenon in ignited plasmas, when alpha particles make a significant contribution to the plasma pressure. 29 If Re(␦W )Ͻ0 is a sufficient condition for the occurrence of a sawtooth crash, the change in sign of Re(␦W ) with increasing T Ќ ͑0͒ is wholly consistent with the observation that sawteeth are suppressed in discharge A ͓P RF Ӎ4 MW; T Ќ ͑0͒Ӎ140 keV͔, but not in discharge B ͓P RF Ӎ6 MW; T Ќ ͑0͒Ӎ210 keV͔. 2 Our results are also consistent with experimental data published by Bhatnagar and co-workers, 16 which indicate that sawtooth periods in ICRF-heated JET discharges can be maximized by choosing P RF to be in the 3-5 MW range. Values of P RF in this range have been shown to optimize sawtooth stabilization in TFTR. 3 It is important to stress that our calculation of ␦W k assumes zero orbit widths, 6 and so the mechanism we are proposing for sawtooth destabilization at high ICRF power is distinct from that proposed by Porcelli and co-workers in Ref. 15 . cm. Since the value of D is determined essentially by wave focusing, the conclusion to be drawn from Fig. 4 is that stabilization can be achieved most easily by using strongly focused ICRF waves.
In Ref. 4 it was noted that the imaginary part of ␦W k is associated with a finite mode frequency. In every case considered above, we find that the value of Im(␦W k ) corresponds to a real that is much smaller than the typical precessional drift frequency of the heated minority ions: this is a requirement for the analysis presented in Ref. 6 to be self-consistent.
IV. DISCUSSION
Using a realistic model of ICRF power deposition, we have shown that the best-fit plasma parameters of an ICRFheated discharge in JET are consistent with a scenario in which the mϭ1 internal kink energy ␦W changes sign ͑from positive to negative͒ at approximately the same time as a sawtooth crash that terminated a period of negligible MHD activity. We have shown also that an increase in the coupled ICRF power may bring about an overall decrease in ␦W, leading to greater instability, as observed. From this we infer that the MHD energy principle, generalized to include kinetic effects associated with trapped energetic ions, is a useful tool for predicting the occurrence of sawtooth oscillations.
We have so far neglected the effects of finite resistivity, which tends to lower the threshold for instability. Taking into account the effects of diamagnetic rotation, Porcelli and Migliuolo 30 obtained the following criterion for instability of the resistive mϭ1 internal kink mode in a high-temperature tokamak plasma:
where s 1 ϭs(r 1 )ϭr 1 qЈ(r 1 ); ϭ 0 r 1 2 / e , where e is resistivity; and * e , the electron diamagnetic frequency, is related to the electron temperature and density gradients. All quantities on the right-hand side of Eq. ͑31͒ are evaluated at rϭr 1 : using the parameter values adopted for discharge A and the usual Spitzer expression for e , we find that ␦W crit is comparable in magnitude to the values obtained for Re(␦W ) in Table I Table I͒ implies an ideal mϭ1 kink mode layer width h whose modulus is smaller than both the bulk ion Larmor radius i and the collisionless skin depth d e . Zakharov and co-workers proposed a sawtooth model involving collisionless reconnection, and obtained a criterion for instability of the mϭ1 reconnection mode that is applicable in this régime, and that was later applied by Levinton and co-workers 19 to TFTR:
where ␤ is the toroidal plasma beta, p is plasma pressure ͑assumed to be isotropic͒, primes denote radial derivatives, all quantities are evaluated at rϭr 1 ͓as in Eq. ͑31͔͒, and we have assumed that the majority ions are deuterons. Equation ͑33͒ appears to provide a reliable means of predicting the occurrence of sawteeth in TFTR when Re(␦W ) lies close to zero ͑see Fig. 3 in Ref.
19͒. For comparison with our approach, we set pϭp bulk ϩ(p ʈ ϩ p Ќ )/2 ͓cf. Eq. ͑20͔͒ in Eq. ͑33͒, and, adopting the parameters used in Table I to model the end of the sawtooth-free period in discharge A, find that Eq. ͑33͒ is satisfied. However, this conclusion depends on an assumed value of s 1 , which, as we have noted above, is difficult to measure in JET. Moreover, it is not clear how Eq. ͑33͒ should be modified when, as in the present case, the plasma pressure contains a significant contribution from ICRF-heated ions, and is thus anisotropic. The sawtooth criteria obtained by Zakharov and co-workers are that ͉ h ͉ be smaller than both i and d e , and that Eq. ͑33͒ be satisfied: the parameter set used in Table I to model the end of the sawtooth-free period in discharge A satisfies these criteria ͑subject to the above caveats͒ and, according to the analysis of Zakharov and co-workers, is sawtooth unstable. For the parameter set used in Table I Although the exact conditions required for instability of the mϭ1 kink mode are thus somewhat uncertain, it is clear that sawtooth suppression is associated with strongly positive values of Re(␦W ). It is thus logical to search for experimentally accessible parameter regimes in which the condition Re(␦W )Ͼ0 can be maintained for as long as possible. We have noted that an increase in P RF can be destabilizing. However, if the ICRF power level is very low, Re(␦W k )Ӷ͉␦W T ϩ␦W shape ͉, and instability will then occur whenever ␤ p lies above a threshold value, which, for the equilibria used to compute Table I and Figs. 3-4, lies in the range 0.08 -0.13. Phillips and co-workers 3 have noted the existence of a minimum P RF required to achieve sawtooth stabilization in TFTR. In ICRH experiments carried out on both JET 2, 16, 32 and TFTR 3 with low minority ion concentration ͑Ͻ0.1͒, the optimum value of P RF has been found to be around 4 MW.
Clearly, resistivity is also a key parameter for sawtooth stabilization. In this context, we note that the ␤ p c term in ␦W T is strongly destabilizing if p Ќ ӷp ʈ ͓see Eqs. ͑18͒, ͑21͒, and ͑22͔͒. For a fixed value of P c , the Stix model ͓Eq. ͑12͔͒
indicates that an increase in should be accompanied by a reduction in T Ќ , and hence a ͑stabilizing͒ reduction in ͉␤ p c ͉. However, the fractional wave power P c / P RF absorbed by minority ions is itself a sensitive function of , and so an increase in the latter may not bring about the desired stabilization. Indeed, experiments on JET with 5 MW of ICRH indicate a reduction in the sawtooth period as is raised from 0.16 to 0.43. 32 This may simply reflect a reduction in P c / P RF : sawtooth stability can be restored at high values of by increasing P RF from 5 to 6.5 MW. 32 According to the results shown in Fig. 4 , stability can be enhanced by reducing the height of the ICRF power deposition profile, D. In the case of JET, it is not clear that experimental conditions can be achieved in which D is significantly smaller than the 20 cm used to compute Table I and Fig. 3 . In general, however, stabilization of sawtooth oscillations is most likely to be achieved if the ICRF waves are strongly focused.
It should be stressed that the model described in this paper is restricted to parameter régimes in which the heated minority ions are only weakly anisotropic ͑⑀T Ќ /T ʈ Ӷ1͒ and have thin banana orbit widths ͑Ӷr 1 ͒. For a fixed value of , the Stix model indicates that T Ќ increases linearly with P RF ͓see Eq. ͑12͔͒. When ϳ0.02-0.04 and P RF ϳ10-15 MW, as in the high-power ICRH experiments described in Ref. 23 , F h is likely to be highly anisotropic, and the orbit widths of trapped ions may be comparable to r 1 . 15 The results presented in Ref. 23 indicate that sawtooth stabilization is possible at much higher values of P RF than those used in the experiments described by Campbell and co-workers in Ref.
2, and by Phillips and co-workers in Ref. 3 . For this reason, it is difficult to extrapolate the results of our analysis to the parameter régime of a prototype fusion reactor, such as the proposed International Thermonuclear Experimental Reactor ͑ITER͒. 33 However, although our theory would need to be modified to describe auxiliary heating in a machine such as ITER, the destabilizing contribution of heated minority ions to the Shafranov shift of magnetic flux surfaces implies that sawtooth activity will always occur when P RF is sufficiently high.
